The Liouville approach is applied to the quantum treatment of the dilaton gravity in two dimensions. The physical states are obtained from the BRST cohomology and correlation functions are computed up to three-point functions. For the N = 0 case (i.e., without matter), the cosmological term operator is found to have the discrete momentum that plays a special role in the c = 1 Liouville gravity. The correlation functions for arbitrary numbers of operators are found in the N = 0 case, and are nonvanishing only for specific "chirality" configurations.
The two-dimensional gravity interacting with a dilaton field and matter fields has attracted much attention recently ever since the work on the black hole evaporation [1] . Many efforts are devoted to study the Hawking radiation and the black hole evaporation in the model [1] - [4] . Most of the works have eventually employed the semi-classical approximation, which is often blamed to be the possible origin of diseases in this problem. Therefore it is very desirable to have a full quantum treatment of the dilaton gravity even for a restricted class of models. In two dimensions, we can perhaps hope to understand quantum theory of the dilaton gravity without using the semi-classical approximations. The continuum approach of the Liouville theory is most suitable in discussing the dilaton gravity, since the theory is nonlinear and it is difficult to invent the discretized version of the model such as matrix models.
The purpose of our paper is to determine the physical states and the gauge invariant operators by a BRST analysis and compute their correlation functions in the dilaton gravity coupled to N massless free scalar fields applying the methods used in the Liouville theory. We shall take the recently proposed models of dilaton gravity [4] that are conformally invariant.
We obtain the BRST cohomology for the case N ≥ 24 that we cannot find in the existing literature. Apart from the usual string states with momentum and oscillator excitations, we find that there are only a few physical states with nontrivial ghost numbers. This situation is very similar to the case of 0 < N < 24 analyzed in ref. [5] , but is in sharp contrast to the case of N = 0 which is essentially the same system as the c = 1 two-dimensional gravity, except that one of the field is of negative metric. Similarly to ref. [4] , we determine the cosmological term by demanding that it should be a gauge (BRST) invariant operator which reduces to the classical cosmological term in the weak coupling limit. The cosmological term in the case of N = 0 is particularly interesting. We find that the momentum of the cosmological term is precisely at the smallest of the discrete momenta where the characteristic symmetry structure of the c = 1 two-dimensional gravity has been observed as the ground ring [6] .
By applying the methods used in the Liouville theory [7] , [8] we compute the correlation functions of gauge (BRST) invariant operators with momentum. The correlation functions up to three gauge invariant operators can be obtained for the general N > 0 case, and exhibit singularity structures expected from the physical state spectrum. For the N = 0 case (without matter fields), we obtain correlation functions for arbitrary numbers of gauge invariant operators and find that the correlation functions have a singular factor which can be absorbed as a renormalization of the cosmological constant. Since the cosmological term has nonvanishing momentum with positive "chirality," we obtain an interesting selection rule with respect to chirality. The correlation functions are nonvanishing in the case where only one of the gauge invariant operators has negative chirality and all the other operators have positive chirality. All other chirality configurations give vanishing correlation functions.
Let us explain the relevance of the correlation functions to the quantum treatment of the dilaton gravity on the two-dimensional spacetime, such as the black hole evaporation. An insertion of these gauge invariant operators corresponds to creating a hole with appropriate boundary conditions in the language of the physics on the two-dimensional spacetime. If our analysis is extended to macroscopic loops from the local operators, we can find quantum transitions leading to topology change in the two-dimensional dilaton gravity. In order to discuss the black hole evaporation, we need to prepare the appropriate wave function for the black hole and to examine its evolution. We shall use the momentum eigenstates as the gauge invariant operators to compute correlation functions. From the two-dimensional physics point of view, the momentum is just a conserved charge associated with the one dimensional "universe."
First we consider a two-dimensional manifold with a metricḡ µν whose signature is Euclidean. The Einstein action is a topological invariant in two dimensions. However, it acquires a dynamical meaning when multiplied by a function of a scalar field φ which we parametrize as e −2φ
where the scalar field φ is called dilaton and N free massless scalar fields f j are chosen as matter fields. A function of scalar fields multiplying the Einstein action can be absorbed into the metric by a local Weyl transformation in spacetime dimensions other than two. Therefore the dilaton has a special status in two dimensions: it cannot be eliminated by local Weyl transformations and the Einstein action without the dilaton field is a topological invariant that is dynamically empty. To clarify the significance of the dilaton field more clearly, we can make a local Weyl transformation
This form of the dilaton gravity system is suggested by the string theory and has been extensively discussed in connection with the black hole evaporation [1] - [4] . In the same spirit, we shall also regard this metric g µν as physical.
Recently an approach using the conformal field theory was proposed to discuss the quantization of the dilaton gravity [4] . We shall take this approach and give a slight generalization of their models. We can borrow the idea of string theories to quantize the dilaton gravity theory in two dimensions. In particular, the partition function Z is given as a sum over various topologies, and the weight is given by powers of the topological expansion parameter g st (string expansion parameter), in accordance with the idea of string theories. The contribution Z h from the Riemann surface with h handles is given by a path integral
where V gauge is the volume of the group of diffeomorphisms. We use the conformal gauge g µν = e 2ρĝ µν with the Liouville field ρ and the reference metricĝ µν (τ ) that depends on the moduli parameters τ of the Riemann surface. The functional integral over the metric can be converted into an integral over the ghosts c µ , b µν , the Liouville field and the moduli, which is divided by the volume V CKV of the group generated by conformal Killing vectors [9] .
We have used the physical metric g µν to define the functional measure in quantizing the matter and the ghost. It is convenient to transform the measure into a measure usingĝ µν . The Jacobian is given by the Weyl anomaly which is expressed by the Liouville action S L [9] D e 2ρĝ f D e 2ρĝ bD e 2ρĝ c = Dĝf DĝbDĝc e −S gh,f anomaly ,
Since the measure for the Liouville field is nonlinear, the Jacobian for the transformation to the translation invariant measure usingĝ µν is more difficult to determine.
It has been argued that this Jacobian must be a local functional of the Liouville field ρ containing a bilinear kinetic term, a term linear in the curvature and ρ, and the exponential term representing the cosmological term [10] . This is an extremely successful Ansatz. The quantization of the dilaton is similar but may be more complicated. There has also been a proposal for the use of metric e −2φ g µν rather than g µν in defining the ghost measure [3] . Therefore, along the spirit of ref. [10] , we take the following more general Ansatz for the Jacobian for the transformation of the functional measure to the translationally invariant measure usingĝ µν in the case of the dilaton gravity with the matter
This is the most general Ansatz for the anomaly under the assumption that the measures are defined by e αφ g µν for the quantization of various fields * . This is a slight generalization of the Ansatz in refs. [3] , [4] . The cosmological term S cosm will be determined after we discuss the physical states.
We can reduce the above kinetic term to a free field action by a change of variables. In the case of κ = 0, the change of variables reads
One should note that the Liouville field ρ in the original metric is contained only in χ. ThereforeΩ is just a redefined dilaton field and transforms as a genuine scalar field under general coordinate transformations, whereas the fieldχ transforms as the Liouville field (conformal factor of the metric). This change of variables (6) gives a * If the amount of the anomaly γ j is defined by e 2αj φ g µν , the parameters are given by a =
If we allow the coefficients of terms linear inR to be arbitrary (−κ ′R ρ, κ ′ = κ and a ′R φ, a ′ = a), we cannot make the action into a free field form by the change of variables like (6) .
free field action with the source term forχ
where the upper (lower) signs are for κ > 0 (κ < 0). The free field theory is almost identical to the usual Liouville theory with matter fields, except that there is one field with negative metric. The transformed Liouville fieldχ has negative metric in the case of κ > 0, whereas the transformed dilatonic fieldΩ has negative metric in the case of κ < 0. For κ = 0, the appropriate change of variables is given by †
In this case, χ + + χ − transforms as the Liouville field, while χ + − χ − transforms as a scalar field. The free field action reads
Actions with different values of Q are related by an O(1, 1) transformation in χ + , χ − field space and are equivalent. Finally the parameter κ is determined by requiring the conformal invariance (independence onĝ µν ) of the quantum theory (7) or (9) [4]
Let us note that the translation invariant path integral measure for these free fields defines the quantization of the dilaton gravity. In terms of the original variables, the path integral measure may be quite nonlinear, and the path integral region (values of the fields) may sometimes be peculiar. Our attitude is that the dilaton gravity is nonlinear in the original variable and is difficult to quantize. Therefore we can use the free field representation of the kinetic term (7) or (9) together with the translation invariant measure as the definition of (the kinetic term of) the quantum theory of the dilaton gravity. † The eq.(8) has the a → 0 limit and is valid for a = 0 too.
To discuss the physical states and the gauge invariant operators of the theory, we compute the cohomology of the BRST charge Q B for the vanishing cosmological constant µ = 0. For the case of 0 ≤ N < 24, the analysis of refs. [11] , [5] applies with c = N + 1. Since we have not found the results for N ≥ 24 in the existing literature, we compute the BRST cohomology for N ≥ 24 as a direct extension of other cases [11] , [5] , and find a result similar to the case 0 < N < 24 [5] . In the case of N = 24 it is convenient to introduce the following notation for momentum
corresponding to X I = (χ,Ω, f j ). To raise or lower the indices we should use a metric in field space η IJ = (−κ/|κ|, κ/|κ|, +1, · · · , +1). For N = 24, we use
Let us first describe the chiral (open string) cohomology states for N > 24. The absolute cohomology consists of Q B invariant states modulo Q B |Λ , where |Λ is an arbitrary state. The relative cohomology consists of Q B invariant states annihilated by the antighost zero mode b 0 modulo Q B |Λ with |Λ annihilated by b 0 . Usually the absolute cohomology states can be obtained from the relative ones, so we will first obtain the relative cohomology. For (p Ω , p j ) = 0, the relative cohomology consists of only the usual string excitations with vanishing ghost number. Therefore the multiplicity of the states with the ghost number n is given by
where the generating function of P N (R) is the usual partition function for the oscillator excited states at the level R and momentum p I has to satisfy the on-shell
Even if (p Ω , p j ) = 0, the result is the same as eq. (12) unless p χ = 0 or −2i √ κ. Nontrivial cohomology similar to the discrete states in the c = 1 gravity appear only for the following few cases: ‡ If we apply a naive hermiticity argument, we find that the momentum p χ = −iβ χ for the field χ should be purely imaginary. 
where |p I is the state with momentum p I annihilated by all positive mode oscillators as well as b 0 . 
For p
Next we consider the relative cohomology for N = 24. In this case the result for the generic values of p I is the same as in eqs. (12) and (13) except for the different on-shell condition − 1 2
The nontrivial cohomology classes exist only for p I = 0 or p + = −p − = iQ, p j = 0
In the present case it can be shown that all states in the relative cohomology are non-trivial states of the absolute cohomology. The remaining states in the absolute cohomology are obtained by multiplying them by the ghost zero mode c 0 and by adding certain terms if necessary [11] . Namely, we find
We also obtain the closed string cohomology in the same way as in ref. [12] . [12] . In the present case it can be shown that
The cosmological term is chosen from these BRST cohomology classes by imposing the additional requirement [4] that it should be of the same form as the original cosmological term in the limit of weak gravitational coupling e φ → 0. We obtain uniquely §
The particularly interesting is the case of no additional matter fields, i.e., N = 0 (κ = −2). By identifying κ = −2 in eq. (7), we find that the dilaton gravity system without additional matter corresponds to the case of the Liouville gravity coupled to the c = 1 conformal matter. The only distinction is that the c = 1 matter comes from the dilaton degree of freedom, and that the resulting free boson Ω has negative metric. To compare with the physical operators in the Liouville gravity, we should rotate the free boson to purely imaginary valuesΩ = iΩ and identify it with the usual free boson with the positive metric. Then we find that the two-momentum of this cosmological term is precisely the simplest discrete value [6] (
Among these BRST cohomology classes, we shall take momentum eigenstates (gravitationally dressed tachyon vertex operators in the language of the Liouville gravity), and compute their correlation functions. In the case of N = 24
The (N + 2)-momentum of the cosmological term is q I = (i/ |κ|, −i/ |κ|, 0, · · · , 0)
and that of the background source is Q I = (−2i |κ|, 0, 0, · · · , 0). § We have fixed the integration constant in the field transformation (6) between ω and Ω by the asymptotic form Ω → −(
It has been noted that the integration over the zero mode of the Liouville field has to be done without using perturbation theory in terms of the cosmological constant [7] , [8] . By the same token, we perform the integration over the zero mode of the transformed Liouville fieldχ without expanding in powers of the cosmological constant in the action. After integrating over the zero mode ofχ along the real axis, we integrate over the zero mode ofΩ along the imaginary axis to obtain the momentum conservation delta function ¶ . In this way we find the path integral with cosmological term insertions
where s is the number of cosmological term insertions and the (N + 2)-momentum conservation reads
The expectation value in eq. (21) denotes the functional integral over the nonzero modesX I . As is usual in the Liouville gravity, the zero mode integration is done assuming s < 0. If we continue analytically (in external momenta and/or the central charge) to a nonnegative integer s, we can integrate the non-zero mode functional integral inÃ by means of the usual free field contractions. Finally we analytically continue the result to desired values of s.
For the case of N = 24, 0, we find the three-point correlation functions on the sphereÃ
where ∆(x) ≡ Γ(x)/Γ(1−x). We see that the three-point functions exhibit singularity structures corresponding to the physical states obtained in the BRST analysis.
However, the peculiarity of the correlation functions is that these singularities are all raised to a power of the cosmological term insertions s. It is not difficult to see the origin of these singularities from the operator product expansion. The cosmological term has the null momentum q I and the integration over the positions of the cosmological term operators is factorized. The singularities are due to the short distance singularities between these cosmological term operators and the inserted gauge invariant operators. We can obtain two-point function from the three-point function if we put one of the momenta to that of the cosmological term q I , replace s by s − 1, multiply by −1/π, and integrate in µ once. Similarly, the one-point function is obtained by repeating the same procedure for the two-point function.
We find that these correlation functions vanish for s ∈ Z, s > 0 because 1 + q · q = 1. Therefore the analytic continuation gives vanishing two-and one-point functions.
For the N = 24 case we obtain the three-point correlation functions on the sphere
with the same amplitudeÃ in eq. (23) and the number of cosmological term insertion s is given by
For N = 24 the momenta of the cosmological term and the background source are q I = i Q , i Q , 0, · · · , 0 and Q I = (−iQ, iQ, 0, · · · , 0) respectively, and momentum conservation holds in the same form as eq. (22). Since q · q = 0 is still valid, one and two point functions vanish in this case too.
In the case of N = 0, we can obtain correlation functions for arbitrary numbers n of gauge invariant operators (20) on the sphere. Since the cosmological term in this case is at the special discrete momentum, the correlation functions become singular due to their insertions [8] . Therefore we need to keep the momentum q I of the cosmological term at a generic value to regularize the correlation functions. After an analytic continuation in s analogous to the c = 1 Liouville gravity theory, we obtain the n-point correlation functions. In the case of N = 0, it is important to distinguish two solutions of the on-shell condition (20)
Following the terminology of Liouville gravity [8] , we call the solution with the + (−) sign as positive (negative) chirality. We find the correlation functions of n gauge invariant operators with chiralities (−, +, · · · , +)
(β χk + β Ωk ) + 2 Γ(−s)
where the regularization parameter ρ = q · q/2 should be set to zero eventually. The correlation functions are very similar to the Liouville gravity case, but are singular due to the discrete momentum for the cosmological term. We can absorb the divergence as a renormalization of the cosmological constant µ r = µ∆(−ρ).
Correlation functions vanish identically for chirality configurations other than the above one. When computing these correlation functions, one should keep the regularization parameter ρ to be nonvanishing in order to avoid ambiguous results.
